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Relative Extrema

A relative maximum of a function fis located
at a value M such that f(x) < f(M)for all
values of x on an interval a < M < b

A relative minimum of a function f is located
at a value m such thatf(x) > f(m)for all
values of xon aninterval a<m < h



Critical Points

Let ¢ be a value in the domain of f.

If /'(c)=0o0r f'(c) is undefined, then we
say f has a critical point at c.

Relative extrema can only occur at critical
points.



Quick Example

The profit function in Example 1 has critical
points where

P'(x)=9-3x" =0,
and where P’(x) is undefined. So P has
critical points at
x=36

Note from the graph that the function has a
relative relative maximum at x=36.



Finding and Classifying Critical
Numbers

Find all critical numbers and classify them as a
relative maximum, relative minimum, or neither

for

f(x):4x+%.
X



Finding and Classifying Critical
Numbers

SOLUTION

Relative extrema can only take place at critical points
(but not necessarily all critical points end up being
extremal!).

Thus we need to find critical points of f. In other
words, values of x so that /'(x)=0 or f'(x)is
undefined.



Finding and Classifying Critical

Numbers
SOLUTION
0=f'(x)= i[4x+%}
dx X
0=4+2--2x"
—4=-4x~
1=x"
x=1.

Now we need to consider critical points due to the
derivative being undefined.



Finding and Classifying Critical
Numbers

SOLUTION

7'(x)=4—-4x"is undefined when x = 0. However, it is
very important to note that 0 cannot be the location of
a critical point, because fis undefined at 0.

In other words, no critical point of a function can exist if
no point on f exists.



Finding and Classifying Critical
Numbers

SOLUTION

Now we classify the critical number we've found atx =1
1

Calculating the derivative at a test point to the left of 1
(e.g. x=0.5), we find /'(0.5)=4-4(0.5)" =-28, so fis
decreasing.

Similarly, /'(2)=4-4(2)" =3.5, so fis increasing.




Finding and Classifying Critical
Numbers

SOLUTION

From our diagram it appears that f has a relative
minimum at x =1. A graph of the function corroborates
this claim.

fx)=dx+>
X

/

—
.S




The first Derivative Test

The First Derivative Test for Relative Extrema ®m Let ¢ be a criti-
cal number for f(x) [that 1s. f(c) 1s defined and either f'(c) = 0 or f'(c) does not
exist]. Then the critical point P(c, f(c)) 1s

a relative maximum if /'(x) > 0 to
the left of ¢ and f'(x) < 0 to the >0 ¢ f'<0

right of ¢
\ | /

a relative minimum if /'(x) < 0 to the ; | )
left of ¢ and f'(x) > 0 to the right of ¢ f <8 e J =0

7 7NN

| |
f'>0 e f'>0 f'<0 e f'<0

not a relative extremum if /'(x)
has the same sign on both sides of ¢




Find all critical numbers of the function
fo)=2*—4x>+3

and classify each critical point as a relative maximum, a relative minimum, or neither.



Solution
The polynomial f(x) 1s defined for all x. and its derivative is

fl(x) = 8v° — 8x =8(x*—1)=8(x— D+ 1)

Since the derivative exists for all x. the only critical numbers are where f'(x) = 0:
that is. x = 0. x = 1. and x = —1. These numbers divide the x axis into four inter-
vals. on each of which the sign of the derivative does not change: namely. x < —1.
—1 <x<0.0<x<1.and x > 1. Choose a test number ¢ in each of these intervals

1 : .
(say, =5, —7, s and 2. respectively) and evaluate f'(¢) in each case:
; (1 (1 15 ,

Thus. the graph of f falls for x < —1 and for 0 < x < 1. and ri1ses for —1 <x <0
and for x > 1. so there must be a relative maximum at x = 0 and relative minima at
x = —1 and x = 1, as indicated in this arrow diagram.

Direction of graph -~ ™ A~

Signoff'(x) ————— Crmre s e +++++




A Procedure for Sketching the Graph of a Continuous
Function f(x) Using the Derivative f'(x)

Step 1. Determine the domain of f(x). Set up a number line restricted to include
only those numbers in the domain of f(x).

Step 2. Find f'(x) and mark each critical number on the restricted number
line obtained in step 1. Then analyze the sign of the derivative to
determine intervals of increase and decrease for f(x) on the restricted
number line.

Step 3. For each critical number c. find f{c) and plot the critical point P(c. f(c))
on a coordinate plane. with a “cap™ 7\ at P if it is a relative maxi-
mum ( 7 S\ ). or a “cup” M\ if P is a relative minimum O\ A7)
Plot intercepts and other key points that can be easily found.

Step 4. Sketch the graph of f as a smooth curve joining the critical points in
such a way that it rises where f'(x) > 0, falls where f'(x) < 0, and has
a horizontal tangent where f'(x) = 0.



EXAMPLE 3.1.4
Sketch the graph of the function f(x) = x* + 8x°> + 18x% — 8.

Solution
Since f(x) is a polynomial. it is defined for all x. Its derivative is

F'(x) = 4x° + 24x7 + 36x = 4x(x” + 6x + 9) = 4x(x + 3)
Since the derivative exists for all x. the only critical numbers are where f'(x) = 0:
namely. at x = 0 and x = —3. These numbers divide the x axis into three intervals.
on each of which the sign of the derivative f'(x) does not change: namely. x << —3,

—3 <x <0, and x > 0. Choose a test number ¢ in each interval (say, —5, —1. and
1. respectively). and determine the sign of f'(c):

f1(—=5)=-80<0 fi(—1)=-16<0 fi(1)=64>0

Thus. the graph of f has horizontal tangents where x is —3 and 0. and the graph is
falling ( f decreasing) in the intervals x < —3 and —3 << x << 0 and is rising ( f increas-
ing) for x > 0, as indicated in this arrow diagram:

Direction of graph \ \ /

SgmotfNy)  ———— e

Interpreting the diagram. we see that the graph falls to a horizontal tangent at
x = —3, then continues falling to the relative minimum at x = 0. after which it rises
indefinitely. We find that f{—3) = 19 and f(0) = —8. To begin your sketch. plot a
“cup” M4 at the critical point (0. —8) to indicate that a relative minimum occurs
there (if it had been a relative maximum, you would have used a “cap™ 7\). and a
“twist™ *~ at (—3. 19) to indicate a falling graph with a horizontal tangent at this
point. This is shown in the preliminary graph in Figure 3.9a. Finally. complete the
sketch by passing a smooth curve through the critical points in the directions indi-
cated by the arrows, as shown in Figure 3.9b.



et

(3. 19)
N7
(0.-8)
Min
(a) Preliminary sketch

-

(-3.19)

(0.-8)

(b) The completed graph

FIGURE 3.9 The graph of f{x) = x* + 8 + 18" — 8.
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